
Math Logic: Model Theory & Computability
Lecture 13

Upward Lowenheim-Skolem theorems.

Recall but by the weak downward L-S
, every

satisfiable o they T
has a mode) of cardinality & max1151 , M . ) . We now prove the upward
version :

Weak upward Lowenheim-Skolem theorem . For a +-thery T , the following are equivalents
(1) For each MENN

,

I has a model of cardina City zon
,

(2) For each cordinal Kamax)1 +1
,
30)

,
T has a model of cardinality = K .

(3)I has an infinite model
.

Proof. (2) -(3) = (1) is trivial
,
so we powe (1) = (2). Suppose II) and fix an infinite

cardinal Kc-151.
. It F == + V 3 C : <+K} so lit the i are new rust

tarte and define
↑ : = T V 4 (aF : 4

,
BE A distinct] .

Then I is finitely satifiable brese any finite subtos ↑ IT will onlsO

Uptrain finitely many centences of the Bru CxtC and there is

a model of T with at least RA
many

distinct elements
.

By compactres , I has a model E
. By the dorward L-S

,
there is

an elementary substructure ECI of cardinality & max /181
,
No) = K

,
hence (Al = K because :S : <EKS and the letter has carcinoid
A

. By elementarity , EFT Leave its reduct A to the -structure is
I

-

still a model of 1 and still has cardinality K
,

Cor
. If a +-theor T admits arbitrarily large finite models then it admits an infinite
model

.



Cor
.

Let I be a done of Testructures containing an infinite structure. If the cardin

nality of all structures in > is bounded above then C is not axioma

tizable
.

Examples . (a) The clan of calic Li
.
e. 1-generated) groups is not axiomatizable

become they are all countable and (4
,

0
, +) is infinite and cyclic.

(6) The clas of finitely generated groups is not axiomatizable because they are all

countable and (4
, 8,+) is infinite andfinitely generated.

Note that for a givea restructure A
, by taking T := Th(A)

,
we can get a restruc

ture I of carcinality k that is elementarily equivalent to A .
However

,
to make

this I an elementary extension of A
,

i. e. BFA
,
we need I to satisfy

more than just Th(A), namely , the elementary diagram of A ...

Net. It A be a r-structure and extend the signature o by adding one new

constant for each element of A:

Ta == UU) < :< EA)
,

where the a are constant symbols not appearing in 0
.

The natural expansion
*of A do a ra-structure is the expansion := (A

, Ta) where Cait a for all atA.
.

-

The elementary diagram of A is ElNiag(A) := Th() , in other words
,
for

each extended o-formulaY(i) and ai = 19
1, an .., an) EAP where Ki= (2)

,

3(c) + ElDiagIA) iff FY(a)
,

where Ca := 1
h , 1 Ca21 :, and -

We also demote by Diag(A) the subset of ElWiag(A) of all quantifier free
-A-sentences

,

and call Uni the diagram of A lor the quantifier free diagram ofA).

Lemma
.
It A , I be -structures. IfB admits an expansion E to a raistrac-

there that is a model of ElDiag(A) , Run A Pe 1 .
In particular ,



there is an isomorphic copy ofB ,
chrote it by 1' , such that A41'.

Proof
.

Let EFESNiag(A) .

Then the function hiA-B given by a c
is an elementary embedding of A into B bese for each extended

reforma U(i) and e A we have Ut
/

A kf(u) < Y((u) + ElDiag(A) EFY((c)< BFY(h(n),
where

-

C= /Ca
, Can: an) if (a

, an ,...,an

Replacing h(A) inside B with A
,
we get an isomorphic copy I' of

B but now A & B'.

Upward Lowenheim-Skolem Theorem
.
For every infinite restructure A and cardinal K = max(IA), ItD,

there is an elementary extension B of A of cardinality K
.

Proof. By the weak upward (-S applied to the 5-theory El Diag(A) , there is

a model BKElNiag(A) of cardinality K
,
tas its reduct to a restructure

satisfies Accel by the above lemma .
Hence there is B'EB sit. A4'


